Abstract: In this paper the authors obtain some new results on the oscillatory behavior of second order neutral difference equations of the form ∆ a n (∆(x n − p n x n−τ )) α + q n f (x n−σ ) = 0, where 0 ≤ p n ≤ p < 1, q n > 0, and α is a ratio of odd positive integers. Examples are provided to illustrate the main results.
Introduction
In this paper, we study the oscillation of the second order nonlinear neutral Received: April 9, 2013 c 2013 Academic Publications, Ltd.
url: www.acadpubl.eu § Correspondence author delay difference equation ∆ a n (∆(x n − p n x n−τ )) α + q n f (x n−σ ) = 0, n ∈ N(n 0 ), (1) where N(n 0 ) = {n 0 , n 0 + 1, · · · }, and n 0 is a nonnegative integer. We assume that the following conditions hold without further mention:
(H 1 ) {a n } is a positive real sequence with R n = n−1 s=n 0 1 a 1/α s → ∞ as n → ∞; (H 2 ) {p n } is a real sequence with 0 ≤ p n ≤ p < 1, for all n ∈ N(n 0 ); (H 3 ) {q n } is a positive real sequence for all n ∈ N(n 0 ); (H 4 ) α is a ratio of odd positive integers, and τ and σ are positive integers; (H 5 ) f : R → R is a continuous function with uf (u) > 0 for u = 0 and there exists a constant L > 0 such that
u α ≥ L for all u = 0.
Let θ = max{τ, σ}. By a solution of equation (1), we mean a real sequence {x n } defined for n ≥ n 0 − θ and satisfying equation (1) for all n ∈ N(n 0 ). A solution of equation (1) is said to be oscillatory if it is neither eventually positive nor eventually negative, and it is nonoscillatory otherwise. From a review of the literature, it is known that there are many results available on the oscillatory and asymptotic behavior of solutions of equation (1) when the neutral term is nonnegative, i.e., p n ≤ 0; see, for example, [1, 2, 3, 4, 6, 7] and the references cited therein. However, there are very few results available on the oscillatory behavior of solutions of equation (1) when the neutral term is negative; see, for example, [1, 2, 5, 8, 9, 10, 11, 12] , and the references therein.
Motivated by these observations, in this paper we study the oscillatory and asymptotic behavior of equation (1) . In Section 2, we establish some preliminary lemmas, and in Section 3, we obtain sufficient conditions for the oscillation of all solutions of equation (1) . In Section 4, we present some examples to illustrate our main results.
Some Preliminary Lemmas
To prove our main results, we need the following lemmas. Define z n = x n − p n x n−τ . Lemma 1. Let {x n } be an eventually positive solution of equation (1) . Then for a sufficiently large N ∈ N(n 0 ), we have that either
or lim n→∞ x n = 0.
Proof. Let {x n } be an eventually positive solution of equation (1) that does not converge to 0 as n → ∞. Then there exists n 1 ∈ N(n 0 ) such that x n > 0, x n−τ > 0, and x n−σ > 0 for all n ≥ n 1 . From equation (1), the definition of z n , and condition (H 5 ), we have
This implies {a n (∆z n ) α } is a decreasing sequence for all n ≥ n 1 . We claim that ∆z n > 0 for n ≥ n 1 . If not, then there exists n 2 ≥ n 1 such that ∆z n 2 < 0 and so a n (∆z n ) α ≤ a n 2 (∆z n 2 ) α = c < 0 for all n ≥ n 2 .
Dividing the last inequality by a n and then summing from n 2 to n − 1, we obtain
Letting n → ∞ in (4), we have z n → −∞ by (H 1 ). Therefore, there exists a constant d > 0 and n 3 ≥ n 2 such that z n ≤ −d for all n ≥ n 3 . From the definition of z n ,
Hence,
and so
Since p < 1, we see that x n 3 +mτ < 0 for all sufficiently large m, which contradicts the fact that x n > 0 for all n ≥ n 3 . Hence, ∆z n > 0 eventually. Consequently, there are two possible cases:
If case (II) holds, then z n < 0 and ∆z n > 0 for n ≥ N for some sufficiently large N . Hence, lim n→∞ z n exists, and z n ≤ ℓ ≤ 0 for all n sufficiently large. Then,
Next we show that {x n } is bounded. If this is not the case, there is a sequence {n k } with n k → ∞ as k → ∞ such that
From (5) with k sufficiently large, we obtain
which, as k tends to infinity, leads to a contradiction. Thus, {x n } is bounded. Let lim n→∞ sup x n = M > 0. Then there exists a sequence {n j } such that
Letting j → ∞, we obtain
Since p ∈ (0, 1), it follows that M = 0. This contradiction shows that case (II) does not hold and completes the proof of the lemma.
Lemma 2. If {x n } is an eventually positive solution of equation (1) such that (2) holds, then
and zn Rn is eventually strictly decreasing.
Proof. From (2), for n ≥ N , we have
Furthermore,
for n ≥ N.
By (7), we have ∆ z n R n < 0 for all n ≥ N . Thus, zn Rn is strictly decreasing for all n ≥ N . This completes the proof.
Oscillation Results
In this section, we obtain some new sufficient conditions for the oscillation and asymptotic behavior of solutions of equation (1).
Theorem 3.
If there exists a positive nondecreasing sequence {ρ n } such that
then any solution {x n } of equation (1) is either oscillatory or satisfies lim n→∞ x n = 0.
Proof. Assume that there exists a nonoscillatory solution {x n } of equation (1), say x n > 0 and x n−θ > 0 for all n ≥ n 1 for some n 1 ∈ N(n 0 ). By Lemma 2.1, there exists n 2 ≥ n 1 such that condition (2) holds or lim n→∞ x n = 0. Suppose (2) holds. Define
Then w n > 0 and from (9) and (3), we have
By the Mean Value Theorem and the fact that z n is nondecreasing, we have
Since a 1/α ∆z n is positive and nonincreasing, and z n is nondecreasing, from (9), we obtain w
Hence, for any α > 0, we have
Using (11) and the decreasing nature of zn Rn , (10) implies
If we define the function F by
then it is easy to show that F (u) ≤ (∆ρ n ) α+1 a n (α + 1) α+1 ρ α n . Therefore, from (12), we have
Summing the last inequality from N ≥ n 2 to n − 1, we obtain
Letting n → ∞ in the above inequality yields a contradiction to (8) . This completes the proof of the theorem.
If a n = 1, then R n = n. Choosing ρ n = n (α) = n(n − 1) · · · (n − α + 1) in Theorem 8, we obtain the following corollary.
where α ≥ 1 is an odd integer, then any solution {x n } of equation (1) is either oscillatory or satisfies lim n→∞ x n = 0.
Our next oscillation result employs a somewhat different type of condition on the coefficients in (1).
Theorem 5.
If there exists a nonnegative real sequence {h n } such that
Proof. Proceeding as in the proof of Theorem 8 and taking ρ n ≡ 1, (12) becomes
Then,
for n ≥ N . From Holder's inequality, we have
so using this in (15), we obtain
. A summation of the last inequality from N to n − 1 gives
Letting n → ∞, we obtain
which contradicts (14). This proves the theorem.
Taking h n ≡ 0 in Theorem 5 gives the following corollary.
Examples
In this section, we present some examples to illustrate our main results.
Example 7. Consider the difference equation
Here, a n = 1,
1+4 n−4 , and L = 1. By taking ρ n = 1, we see that all the conditions of Theorem 3 are satisfied and so any solution of (18) is either oscillatory or tends to zero as n → ∞. In fact, {x n } = { 1 2 n } is one such solution of the latter type. Example 8. Consider the difference equation
We have a n = n, p n =
2 , and L = 1. Taking ρ n = 1, we see that all the conditions of Theorem 3 are satisfied and hence any solution of (19) is either oscillatory or tends to zero as n → ∞. Here {x n } = {(−1) n } is an oscillatory solution. 
Here, a n = n, p n = 
In this case a n = 1, p n = 1 2 , τ = 2, σ = 1, α = 1, and q n = 2(n+4) n . If we take h n = 0, all the conditions of Corollary 6 are satisfied and so any solution of (21) is either oscillatory or tends to zero as n → ∞. Here {x n } = {(−1) n (n + 1)} is an oscillatory solution.
We conclude this paper with the following remark.
Remark 11. It would be interesting to obtain results similar to those in this paper but with the condition ∞ n=n 0 1 a 1/α n < ∞ rather than (H 1 ).
